We investigate a method to evaluate quasinormal modes of D3-brane black holes by wave interpretation of fields on a D3-brane based on Feynman's spacetime approach. We perturbatively solve the wave equation which describes propagation of a dilaton wave in a bulk space and its interaction with the D3-brane. The condition obtained for the quasinormal modes is qualitatively equivalent to that evaluated in the usual scattering of the dilaton in the black three-brane spacetime in the corresponding supergravity description.
I. INTRODUCTION
It is well known that black holes have thermodynamical properties, i.e., entropy ͓1,2͔ and temperature ͓3͔, which can be understood in the framework of general relativity ͓4͔ and the quantum theory of matter in curved spacetime ͓5͔. In these formalisms, the entropy for a black hole is given by a quarter of its horizon area and Hawking radiation can be explained as particle creation caused by the existence of the horizon. Some years ago, in string theory, which seems to be the most promising candidate for a quantum theory of gravity, it was found that the D-brane can also describe black hole spacetime and its thermodynamical properties ͓6͔. In this prescription, the entropy for a black hole is derived by counting the number of microscopic states on the D-brane ͓7͔, and Hawking radiation can be recognized as the emission process of closed strings from the D-brane ͓8,9͔.
As for the scattering processes of a particle or a wave in black hole spacetime, we can observe good agreement between the D-brane picture and an analysis based on the corresponding supergravity description. In particular, the absorption cross section for a dilaton by the D3-brane in the low-energy region, which is evaluated by means of the world volume approach, has been shown to coincide with the result obtained by solving the wave equation for the dilaton field propagating in the three-brane background ͓10-12͔. Taking account of the above results in the scattering processes, it seems to be quite natural to pose the question of whether the agreement holds or not even for quasinormal modes ͑QNMs͒ of a black hole.
QNMs characterize the emission of a gravitational wave which represents a response to a perturbation affecting a black hole spacetime ͓13-15͔. As briefly reviewed in Appendix A, it is obtained by solving the wave equation on a background with suitable boundary conditions that the flux at the horizon is ingoing and outgoing at spatial infinity. A QNM is characterized by a complex frequency whose imaginary part represents the time scale on which the perturbation to the black hole spacetime decays. Since black holes are interpreted as thermal objects that are characterized by thermal quantities such as the temperature and entropy, the imaginary part of the QNM frequency can be recognized as the relaxation time within which black holes approach thermal equilibrium.
As is well known, the relationship between D-branes and black holes in string theory is an important precursor to the AdS conformal field theory ͑CFT͒ correspondence; and the connection between QNMs and the decay of perturbations in the dual CFT was first suggested in the work of ͓16͔ based on the numerical computation of QNMs for AdSSchwarzschild black holes in several dimensions. QNMs of AdS black holes and Bañados-Teitelboim-Zanelli ͑BTZ͒ black holes are investigated in ͓17-27͔ and those of near extremal black branes are found in ͓28͔. Furthermore, in ͓29͔, it was shown that the frequencies of QNMs for BTZ black holes are in exact agreement with the location of the poles of the retarded correlation function describing the linear response on the CFT side.
In the present paper, we consider the D3-brane as another example of the correspondence in QNMs. Our analyses for D3-branes will be performed in two different parameter regions in type IIB string theory; one is a large number of the D3-branes and the other is only one D3-brane. In the first region, classical supergravity is effective so that gravity is described by the curvature of spacetime. In the latter, the perturbative field theory on the D3-brane which is embedded in a flat spacetime is effective. In such a flat spacetime, how can QNMs be calculated? This is our main interest and motivation in this paper. We will apply Feynman's spacetime approach to this problem, which gives alternative intuitive methods to quantum field theories ͓30-33͔. We perturbatively solve the equation derived from the low-energy effective action for the D3-brane, i.e., the Dirac-Born-Infeld action, which describes propagation of a dilaton wave in the bulk flat spacetime and its interaction with D-branes. We apply a general condition for QNMs which is obtained in Appendix A to the scattering problem of this flat D3-brane case. It is shown that the condition obtained for QNMs is qualitatively equivalent to that evaluated in the framework of the usual scattering of the dilaton wave based on the supergravity description.
A brief outline of this paper follows. In the next section, we obtain the QNMs for the three-brane by solving the wave equation propagating on its background in classical supergravity analysis. In Sec. III, only one D3-brane is considered and the conditions for the QNMs are obtained by Feynman's spacetime approach. These two results are compared and discussed in Sec. IV. In Appendix A, we give a brief review of QNMs. Absorption of a scalar for the D3-brane is also investigated by the spacetime approach and the result is compared with the result of ͓11͔ in Appendix C.
II. QUASINORMAL MODES IN SUPERGRAVITY
In this section, we evaluate the QNM of the three-brane solution of type IIB supergravity. The main analysis of this section is based on the results obtained in ͓12͔, which studies the absorption probability of a dilaton by the D3-brane. We consider the dilaton as a minimally coupled scalar, which obeys the wave equation
in the spacetime whose metric is given by
The characteristic length of the three-brane R is related to the ten-dimensional gravitational coupling constant 10 as follows:
.
͑3͒
In the case of the scattering in the low-energy region RӶ1, the dominant contribution to the cross section comes from the spherical symmetric process so that we concentrate on the radial equation for an s wave of energy derived from Eq. ͑1͒:
If one performs the change of variables rϭRe Ϫz , (r) ϭe 2z (z), then Eq. ͑4͒ becomes the Mathieu equation:
As was shown in ͓12͔, the exact solution which is ingoing at the horizon (r→0) can be expressed as expansions in terms of Bessel and Hänkel functions as follows:
where the coefficients are given by
The value of is determined in terms of a prescription in the standard Floquet analysis which implies
The explicit expression for the first few terms of and A (q) are given in Appendix B. Let me introduce new variables for convenience,
With these variables, the asymptotic form of the solution ͑6͒ near the horizon (Re z→ϱ) is given by
Re z e i(Re z Ϫ/4) .
͑10͒
Similarly, we can obtain the asymptotic form for spatial infinity (Re z→Ϫϱ)
Ϫi(Re Ϫz Ϫ/4) . ͑11͒
From this asymptotic behavior given above, we can read off the amplitudes
for the transmitted, incident, and reflected waves, respectively. As we describe in Appendix A, QNMs are given by the condition
I/Rϭ0. ͑12͒
In order to compare the results obtained ͑12͒ with the evaluation of QNMs in the next section based on the DiracBorn-Infeld action, which is the low-energy effective theory of the D3-branes, we consider the QNM condition ͑12͒ in the low-energy region, i.e., RӶ1, which can be expanded with respect to R as
where R is written as the characteristic length of the threebrane R and the Euler constant ␥ as R ϭe ␥ R, and ␤ is the phase factor
͑14͒
Let us solve the above QNM condition approximately up to the lowest order (R) 8 ,
In the usual evaluation of QNMs ͓19-25,27͔, their frequencies are characterized by the curvature scale of the black hole spacetime, i.e., ͉R͉ϳ1. In contrasting, our calculation, which is valid in the range ͉R͉Ӷ1, gives QNMs in the low-energy region. From the observational point of view, the frequencies for QNMs obtained in this paper might not be important. However, recall that our main interest is to confirm the equivalence between two different pictures, i.e., the D3-branes and black three-branes, in the case of QNMs. From the condition ͑15͒ in the region ͉R͉Ӷ1, we note that its solutions lie on the nth Riemanian sheets with nӷ1 in the complex R plane. Inserting a polar coordinate representation for (R) 8 into Eq. ͑15͒,
we obtain two real equations, 0ϭ1ϩ 2 2 9 r cos Ϫ r
From Eq. ͑18͒, r is expressed in terms of as
So, we get the equation for from Eq. ͑17͒ and Eq. ͑19͒,
Since r must satisfy rӶ1, we can see from Eq. ͑17͒ that must satisfy ͉͉ӷ1. There are two cases for the solution of Eq. ͑19͒ and Eq. ͑20͒ as follows:
where n is an integer. The condition ͉͉ӷ1 is satisfied when nӷ1. Let us consider the case ͑i͒. We put ϭ2nϪ⌬ n and 0Ͻ⌬ n Ͻ/2. Then Eq. ͑20͒ can be written as follows:
⌬ n must be much less than unity in order that the second term of the above equation cancels the first term. It follows that
In case ͑ii͒, we put ϭϪ(2nϩ1)ϩ⌬ n . After a similar analysis, we have the same result Eq. ͑25͒ for ⌬ n . These ⌬ n are very small number as long as nӷ1, so that the solution of Eq. ͑15͒ is just below the real axis of the complex (R) 8 plane. The radial parameter r can be written as rϭ 2 9 2 n ϩO ͩ log n n 2 ͪ .
͑26͒
The QNM frequencies are R Ϫ1 times the eighth roots of re i .
III. THE WAVE SCATTERING OF THE D3-BRANE IN THE SPACETIME APPROACH
In this section, we consider the case of a small number of D3-branes in string theory, so that the description of the system based on the field theory with Dirac-Born-Infeld ͑DBI͒ action is the effective one rather than that in terms of supergravity which was used in the previous section. For simplicity, we treat one D3-brane in flat spacetime and field theory with the DBI action on it. In the case of dilaton absorption by the D3-brane ͓10-12͔, the evaluation of the cross section is based on the world-volume interpretation, in which the bulk dilaton field is recognized as a source of the world-volume fluctuation. In other words, it is assumed that quantum fluctuation of the bulk fields decouples and the dynamics is strictly on the brane.
As explained in Appendix A, QNMs are determined by the condition ͑A10͒ which states that there is no incident wave in the scattering of the dilaton field in the black hole spacetime, and the reflective amplitude is needed to evaluate the QNM frequency. The world-volume approach ͓10-12͔ does not give the reflective amplitude which is concerned with bulk propagation. Thus the world-volume approach ͓10-12͔ is not suitable for investigation of QNMs. Since the above definition of QNMs ͑A10͒ is based on the scattering processes of the dilaton, we have to take account of its bulk propagation at least. In order to keep close similarity with the evaluation of QNMs in the previous section based on classical supergravity, we throw a dilaton into a D3-brane from spatial infinity, which is treated as a wave in field theory such as Feynman's spacetime approach ͓30-33͔. The incident dilaton propagates in the bulk space and eventually interacts with the D3-brane. By perturbatively solving the wave equation for the dilaton, we can obtain its reflective amplitude. Another reason for using this spacetime approach is that we bear its waveform in mind, which is one of the other important aspects of QNMs. The calculation based on CFT ͓29͔ might be enough to evaluate the frequencies of QNMs which are given by the positions of the poles of the retarded CFT correlator. However, our approach can tell us the actual waveforms observed at infinity. Thus it is possible to discuss the relation between two pictures of black hole spacetime, i.e., the supergravity and the D-brane description, from the viewpoint not only of the frequencies of the QNMs but also of their waveforms. In Appendix C, for a proof of the validity of our calculation based on the Feynman spacetime approach, the dilaton absorption cross section is evaluated by the formalism which is developed in the present paper. We show that our result agrees in the lowest order with that obtained by the world-volume approach ͓10-12͔.
For a low-energy dilaton, the DBI action can be expanded in the Einstein frame as follows ͓11͔:
where F n ϭF 2 1 •••F 1 n and T 3 is the tension of the D3-brane. The term F is the field strength of the gauge field on the three-brane describing its longitudinal dynamics, while its transverse oscillations do not couple with the dilaton. For the Nϭ1 case, the gauge fields on the D3-brane are photons, and we take the Coulomb gauge for them on the D3-brane. Then the action for the dilaton in the bulk and the gauge fields on the brane is given by
where iϭ1,2,3 and Ȧ ϭ‫ץ‬ 0 A. For a low energy dilaton, the scattering process is dominated by the s wave so that we can put its form as ϭ(t,r) where r 2 ϭx 4 2 ϩ•••ϩx 9 2 . The evolution of the dilaton in the bulk and the gauge field on the brane are expressed by the wave equations
where we change the variable as ϭr 5/2
. We can solve these wave equations by means of perturbation with respect to interaction with the gauge fields, i.e., the coupling constant 10 , and four-point interaction of the gauge fields, whose coupling constant is 1/T 3 . First, these waves are formally expanded in terms of the two coupling constants,
͑32͒
We are interested only in the response of the D3-brane to the incident dilaton wave. So we omit the terms A (0,1) and (1, 0) in the above expansions, since these terms represent the excitation which exists before the arrival of the injected dilaton at the three-brane. At (0,0) order, we obtain the wave equations
which express that the dilaton wave does not interact with the D3-brane at the origin rϭ0, and passes through it. So the regularity of the dilaton at the origin requires that the wave is reflected with the same amplitude as that of the incident wave. The solutions in the lowest order are given by (0,0) ϭCe Ϫit ͱr ͓H 2
(1) ͑ r ͒ϩH 2 (2) ͑ r ͔͒, ͑35͒
where k 0 ϭ͉k͉, (⑀ k ␣ ) i is the polarization vector, and the complex number C ␣ , which satisfies ͉C ␣ ͉ 2 ϭ1, represents a degree of freedom for the phase of the initial configuration of the gauge field. We prepare the wave function in the lowest order A (0,0) i to express the vacuum fluctuation of the photon so that its normalization is taken to be the same as that in the corresponding quantum field theory.
At (1,0) order, the wave equation for the gauge field is
‫ץ‬ ‫ץ‬
A (1,0) i ϭϪͱ2 (0,0) Ȧ (0,0) i .
͑37͒
Here we choose a negative energy photon A (0,0) in Eq. ͑37͒.
Thus this equation shows that the positive energy photon
is created from the positive energy dilaton (0,0) and the negative energy photon A (0,0) i . Because, in the standard prescription of quantum field theories, a negative energy wave function is interpreted as an antiparticle which moves in the opposite direction, Eq. ͑37͒ describes a dilaton annihilation on the D3-brane and pair creation of photons like the calculation based on CFT in ͓10͔. In order to construct the solution of Eq. ͑37͒, we use the retarded Green's function for the four-dimensional d'Alembertian,
which leads to the photon created on the D3-brane,
The wave equation for the dilaton at ͑2,0͒ order is given by
͑41͒
The homogeneous part of the solution for the above equation should be zero, since there is no incident dilaton at ͑2,0͒ order. Equation ͑41͒ represents the process that the excited gauge field A (1,0) i and positive energy photon A (0,0) i annihilate to emit a dilaton wave away from the D3-brane. We can construct the retarded Green's function for the dilaton,
which satisfies the equation
͑43͒
The explicit expression ͑43͒ shows that this Green's function is regular at the origin rϭ0 and obeys the outgoing condition at the spatial infinity r→ϱ. Then the (2,0) dilaton which is integrated over the D3-brane is given by
where ⌳ is a cutoff factor. Equation ͑41͒ tells us that (2,0) is created through annihilation of two photons, A (0,0) i and A (1,0) i , which are described by Eq. ͑37͒. As discussed before, it can be interpreted that two photons emerge via the pair creation process. Thus, in the framework of quantum field theories, the external line corrected by the one-loop selfenergy Feynman diagram depicted in Fig. 1 would correspond to the dilaton wave function (2, 0) . We note that the field A (0,0) appearing in Eq. ͑37͒ and that in Eq. ͑41͒ are identical to those shown in Fig. 1 , although we interpret these two photons as a particle-antiparticle pair. Thus, in the evaluation of Eq. ͑44͒, momentum integrations are doubly counted so that we have introduced a symmetric factor 1/2. The divergent contribution to the (2,0)-order dilaton should be removed by the renormalization procedure in which the cutoff ⌳ is replaced by a scale for renormalization R, i.e., the characteristic length of the black hole.
At (1,1) order, the equation for (1, 1) has no source terms and is not created. The equation for A (1,1) i is given by
‫ץ‬ ‫ץ‬
A (1,1)
This equation describes a four-point interaction of photons.
As in the case of the (1,0)-order photon ͑37͒, one of the (0,0) photons
is chosen as the negative energy photon in the right-hand side so that Eq. ͑45͒ can be interpreted as two-photon scattering. The scattered (1,1)-order photon A (1,1) and (0,0)-order photon A (0,0) i are annihilated to produce a (2,1)-order dilaton as follows:
͑46͒
The source term of this equation is integrated over the D3-brane to give
͑47͒
Using the Green's function for a dilaton Eq. ͑43͒, we obtain the solution of Eq. ͑46͒ integrated over the D3-brane,
where we again introduce a symmetric factor 1/4, since the double counting in the momentum integration, which emerged in the evaluation of Eq. ͑44͒, occurs twofold in this case. The cutoff ⌳ will be replaced by the inverse of the characteristic length of the black hole R Ϫ1 by the procedure of renormalization. The wave function (2,1) obtained corresponds to the external line corrected by the two-loop Feynman diagram depicted in Fig. 2 . Assembly of the calculated dilaton waves at several orders leads to
where in the last line we take the r→ϱ limit and R is the reflective amplitude, 
Here, we recall the relation between 10 , T 3 , and R:
where we set Nϭ1. Thus the condition of the QNM discussed in Appendix A is given by
where ␤Ј is a phase factor, 
͑55͒
Equation ͑54͒ up to (R) 8 is very similar to Eq. ͑15͒, and the solution has qualitatively equivalent behavior.
IV. DISCUSSION
We have evaluated quasinormal modes of the D3-brane black hole by two different approaches. One is based on the black hole picture in terms of the black three-brane solution of the low-energy supergravity action and the other is the D3-brane described by the field theory with the Dirac-BornInfeld action. We have shown that the two different methods derive qualitatively the same conditions for the QNMs for the low-energy region. As described in Appendix C, the evaluations of the absorption cross sections show similar agreement. In both cases, the difference, which appears in the logarithmic terms, seems to imply that we must take proper account of the non-Abelian nature of the theory ͓11,12,34͔.
The condition for QNMs ͑A10͒ has been obtained as Eq. ͑13͒ and Eq. ͑54͒ in terms of an expansion with respect to R. Up to the order (R) 8 , we can express the condition for the QNM as follows:
where ϳ means equality up to phase factors and
In the field theoretical approach as in Sec. III, ⌺, which is just the coefficient of (2, 0) , corresponds to the one-loop self-energy of the dilaton. The procedure of the spacetime approach gives the dilaton wave function as Eq. ͑51͒, and we can read off the reflective amplitude ͑52͒ which is expressed as
up to the order (R) 8 . In our calculation this reflective amplitude is perturbatively inverted to give Eq. ͑56͒. However, from the viewpoint of an evaluation based on field theories, the above inversion can be interpreted as the summation of the self-energy diagrams
. ͑59͒
Thus QNMs can be understood as poles of the scattered propagator in the field theory on the D3-brane. This is realized in the calculation of the AdS/CFT correspondence in the BTZ black hole case in ͓29͔.
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APPENDIX A: A BRIEF REVIEW OF QNMS
In this appendix, we give a brief review of quasinormal modes which represent the relaxation process in a black hole spacetime. If one perturbs the black hole spacetime, then a gravitational wave is emitted to both directions. One part of the wave propagates to spatial infinity and the other falls into the black hole horizon. So it is natural to specify the boundary condition for such waves as follows: ingoing at the horizon and outgoing at spatial infinity.
Let us consider a minimal scalar on the black hole background. It satisfies a wave equation of the following form after some change of variables ͓15͔: In order to obtain a solution which satisfies the boundary condition described above, we consider the retarded Green's function constructed by the following prescription. We prepare two solutions 1 (t,r * ) and 2 (t,r * ), which have the asymptotic forms
to construct the retarded Green's function from them,
where the Wronskian ⌬ can be evaluated as ⌬ϭ2iIQ from the asymptotic forms at r * →ϱ. Using this retarded Green's function, we can obtain the wave generated by a source term S(t,r * ): 
͑A9͒
where the contour C must be taken as it encloses the lower half of the complex plane for the retarded boundary condition. So only the poles of the lower half plane contribute to the integral in the asymptotic form Eq. ͑A9͒ and that is the quasinormal modes which are, of course, complex and decaying modes. In other words, QNMs are the poles of the retarded Green's function on the lower half complex plane. The condition for the QNM is Iϭ0, but only the ratio of amplitudes is meaningful in the asymptotic form Eq. ͑A4͒, so this is equivalent to R→ϱ. Then the more general condition for the QNM is I/Rϭ0. ͑A10͒
The only thing we have to do is to solve this equation and choose modes arising in the lower half of the complex plane.
APPENDIX B: EXPLICIT EXPRESSIONS
In this appendix, we summarize the explicit forms for some results which were considered too lengthy to write out in the main text.
The Floquet exponent which satisfies Eq. ͑8͒ can be obtained in the expansion with respect to a power series in R, The coefficients A (q) where (1) is the polyGamma function.
APPENDIX C: ABSORPTION CROSS SECTION FOR D3-BRANE
In this appendix, we compare the absorption cross section for the D3-brane in various methods of evaluation. As shown in ͓11͔, there is a small difference in for different methods at higher order.
In supergravity, the absorption cross section for the three-brane is given by from Eq. ͑11͒ as in ͓12͔. This evaluation is reliable in the Nӷ1 region where the supergravity description of the threebrane is valid.
We can also calculate the absorption cross section for the D3-brane by means of the space-time approach from Eq. ͑51͒:
wave ϭ 32 2 5 ͩ 1Ϫ ͯ
